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Abstract 

In this paper we define a new symbol, called the 4-function symbol, on a 
complex algebraic surface, which satisfies two types of reciprocity laws. In 
comparison the Parshin symbol on a surface is defined for 3 non-zero rational 
functions. Both the 4-function symbol and the Parshin symbol are expressed 
as a product of more primitive symbols, which we call bi-local symbols. They 
also satisfy reciprocity laws and occur naturally, when iterated integrals are 
used. The key technical ingredient is the notion of iterated integrals on 
membranes. In terms of such integrals, we not only prove reciprocity laws 
but we give an interpretation of the symbols as parallel transports on the 
loop space of a variety. Moreover, such integrals give a relation between the 
4-function symbol and the Riemann curvature tensor. 

The appendix contains a i^-theoretic variant of the 4-function symbol, 
which differs by a sign. This difference causes one of the reciprocity laws to 
fail, suggesting that iterated integrals play an essential role in the definition 
of the (correct) 4-function symbol. 
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Introduction 

This paper presents new symbols on complex algebraic surfaces and new reciprocity 
laws on them, in addition to well-known ones such as the Parshin symbol and its 
reciprocity laws (see |Plj . |P2j . |Ka] , |FV] , [R]). This is the second paper (preceded 
by [H1J) in a scries on reciprocity laws via iterated integrals. 

Here we define a new symbol, which we call the 4-function symbol on a complex 
algebraic surface. In comparison, the Parshin symbol on a surface is defined for 
3 non-zero rational functions. We obtain the 4-function symbol using iterated 
integrals. 

The results of this paper were greatly appreciated by Parshin, Osipov, and 
the whole Algebra Seminar at Steklov Insitute in Moscow, where the participants 
asked many interesting questions; for example, is there an interpretation of the 
4-function symbol in terms of Milnor .fT-groups? This question is addressed in the 
appendix by M. Kerr, which provides a i^-theoretic interpretation of the 4-function 
symbol up to a sign. In fact, the second reciprocity law of the i-T-theoretic symbol 
might fail (by precisely this sign), amplifying the importance of iterated integrals 
in the 4-function symbol's definition. 

Both the Parshin symbol and the 4-function symbol on a complex surface can be 
expressed as a product of bi-local symbols defined in this paper. Bi-local symbols 
depend on two points P and Q. One can think of Q as a base point and P as 
lying in the support of the divisor of a rational function (on a curve) resp. the 
intersection of two such divisors (on a surface). In fact, bi-local symbols occur 
more naturally than local symbols when we use iterated integrals, and we first 
prove reciprocity laws for the bi-local symbols. From these, we derive reciprocity 
laws for the 4-function symbol and the Parshin symbol. 

Unlike the paper |H1] . where the author used iterated integrals over paths for 
reciprocity laws, here we use a higher dimensional analogue which we call iterated 
integrals over membranes. It took five or six years to complete the many details 
around these new ideas. An apology is due from the author to the mathematical 
community and mostly to my former student for that delay. 

The idea for iterated integrals over membranes had its genesis in an attempt to 
generalize Manin's non-commutative modular symbol [M] to a non-commutative 
Hilbert modular symbol |H2] , which remains an ongoing project. However, the 
author received a long and encouraging letter |M2j on an earlier version of the 
present article from Manin, who suggested that iterated integrals over membranes 
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might lead to de Rham complexes on higher loop spaces. While this article was 
being completed, the author defined a connection on higher loop spaces |H4j . In 
that paper we interpret the Parshin symbol and the 4-function symbol in terms of 
a parallel transport on a loop space. Such an idea had been used by Brylinski and 
McLaughlin in [BrMcL] . where they used gerbes in order to define a connection on 
a loop space for the purpose of the Parshin symbol. Here we give an alternative, 
more analytic approach to iterated integrals over membranes. 

We should mention a few other approaches to tame symbols and the Parshin 
symbol, for example, |D1] . |OZhj . [Rj . |Khj . 

This paper is a corrected and substantially improved version of the preprint 
"Refinement of the Parshin symbol for surfaces" [H3J. As Deligne pointed out in 
an email to the author [D2J , the refined symbols were not independent of choices 
of local uniformizers. After examining carefully their origin - namely, iterated 
integrals of differential forms over membranes - we realized that the refinement 
becomes independent of local uniformizers when we fix two points on a curve on a 
surface and when we localize using three uniformizers: one for the curve on which 
the two points lie, and one for each of the points on the curve. For that reason we 
call these symbols bi-local symbols in this paper. 

There is another striking coincidence (see Theorem 3.14): the symmetries of 
the new local symbol are the same as the symmetry of the Riemann curvature 
tensor. At first glance this seems surprising. However, there is a deeper meaning 
behind the coincidence. There is a modification of the Riemann curvature tensor 
in order to include the Dirac matrices (see [DGL]). It is associated to fit the 
Clifford algebra Clif /i j3 (R), called the space time algebra. In another paper |H5j . 
we express an integral of the analogue of the Riemann curvature tensor by the 
same type of iterated integral on a membrane, which we use in order to define the 
4-function local symbol on a complex algebraic surface. 

Structure of the paper 

In Section 1, we recall basic properties of iterated integrals over paths. Then we 
prove Weil reciprocity by establishing first a reciprocity law for a bi-local symbol, 
and then removing the dependence on the base point. 

In section 2.2, we define iterated integrals over membranes (Definition 2.4), 
which are more general than the ones used in section 3.4 and for connections on 
loop spaces. For the definition of a membrane m for such integrals, we need two 
foliations satisfying many conditions. The existence of such foliations is established 
in section 2.1. 

Section 3 contains the main results. Subsection 3.1 concerns the first type 
of reciprocity law, in which the product of the symbols is over all points P of a 
fixed curve C on a surface X. In 3.1.1, we define bi-local symbols on surfaces (see 
Definition 3.3) and prove the first type of reciprocity laws for them. We express 
both the Parshin symbol and the 4-function symbol in terms of bi-local symbols 
(see Definition 3.6), whereupon the first type of reciprocity law follows immediately 
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in each case (Theorems 3.5 and 3.7). 

For the second type of reciprocity law (subsection 3.3), the product of the 
symbols is taken over all curves C in X passing though a fixed point P. We first 
establish a technical result on the invariance of the Parshin and 4-function symbols 
under blow-up (cf. 3.2), and define bi-local symbols suitable for the second type 
of reciprocity law (3.3.1). This reciprocity is then proved for the bi-local symbols 
(3.3.2), Parshin symbols (3.3.3), and 4-function symbols (3.3.4). 

We conclude with an interpretation of the 4-function symbol and the Parshin 
symbol in terms of a connection on the loop space of a variety (subsection 3.4). 
Also, we point out relations between the the 4-function symbol and the Riemann 
curvature tensor. 
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1 Weil reciprocity via iterated path integrals 

Let C be a smooth complex curve. Let fi and f 2 be two non-zero rational functions 
on C. Let 

7 :[0,1]->C7 

be a path, which is continuous function and piecewise differentiable. 
Definition 1.1. We define an iterated integral 

•/0<ti<t 2 <l 

Lemma 1.2. An iterated integral over a path 7 on a smooth curve C is homotopy 
invariant with respect to a homotopy, fixing the end points of the path 7. 

Lemma 1.3. If 7 = 7172 is a composition of two paths, where the end of the first 
path is the beginning of the second. Then 

[ d h.<Mi = f < ^. < Mi + f < Mif d k + f < Mi. < Mi 

4 



Let a be a simple loop around a point P on C with a base point Q. Let 
cr = 7<7o7~ 1 , where cr is a small loop around P and 7 is a path joining the base 
point Q of <t with the base point of ctq. Then we have the following: 



Lemma 1.4. 



dfi #2 /" dfi f df 2 , /" d/i d/ 2 f df 1 [ df 



a fl Jy fl J (TQ f'Z J an fl f'Z J crn -/I Jy" 1 f'* 



12 



12 



Proof. First, we use Lemma 11.31 for the composition 7007 1 . Then, we use the 
homotopy invariance of iterated integrals, Lemma \1.2\ for the path 77 _1 . Thus, 

Q= f Ml. Ml 

J77- 1 fi J 2 

Finally, we use Lemma [1.31 for the composition of paths 77 _1 . That gives 
= [ rf A d h _ f d h d h 1 f d h f Ml + f 'Ml. 'Ml 

Jyy-1 f2 f2 Jy fl f2 Jy fl 7 7 -l f2 J-y-l fl f 2 



□ 



Let x be a rational function on C such that 

ordp(x) = 1. 



Let 

And let 
Then 



ii = ordp(fi) 
9l = %-^fi. 



dfi dx dgi 
fi 1 x Qi' 



Let (Jq be a small loop around the point P, whose points at at most at distance e 
from the point P. We have 

Jy fl Ja% J2 Jy fl \ Jy X J g X J 



Similarly, 



dfi f df 2 . ( f dx f dg 



a 2 / — 



fl Jy-l f2 \ Jy X J y g 2 

From |H1] . we have that 



f dh df 2 (27Ti) 2 



Therefore, 



dfi df 2 



'a h h 
After exponentiation, we obtain 

Lemma 1.5. 



2ni (a 2 logOi) - a x \og{g 2 ) + nia^) \q. 



exp 



dfi dfo 
2m J a f 2 ' f 2 



a 2 



1 



>aia 2 



92 1 



_^\a 1 a 2 Jl 



raj 



Definition 1.6. (Bi-local symbol on a curve) With the above notation, we define 
a bi-local symbol 



(12 



9x_ 
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Let C be of genus g and let P 1 , . . . ,P n be the points in the divisors of fi and 
f 2 . Let 0i, . . . , <t„ be simple loops around the points P 1 , . . . ,P n , respectively. Let 
also ai, 0i, . . . , a g , f3 g be the 2g loops on C such that 

7Ti(C, Q) =< ai, cr„, «i, a„, /3 n >/ ~, 

where 8 ~ 1, for 

i=i i=i 

From Theorem 3.1 in [HI] , we have 
Lemma 1.7. (a) 

^ G 2«Z. 



'a /l 

#i df 2 f dfi f df 2 



'aPa-^p- 1 fl f2 Ja fl J ft H 

Using the above result, we obtain that 







dh f dfx 

f2 J R fl 



Ml Ml = (2ttzZ) 2 + V / 'Ml. Ml 

fl f2 ~^ J ai fl f2 ' 



where the sum is over simple loops <7; around each of the points Pi. Therefore, 

ra 2 P 

E[(-ir ia2 7^ =i 

p J2 Q 

This reciprocity is for bi-local symbol depending on the point P and Q. If we 
want to make it into a local symbol we have to remove the dependency on the base 
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point Q. This can be achieved in the following way: In the reciprocity law for the 
bi-local symbol, the dependency on Q is 

\{h{Q) a2 f2{Qr ai = friQf^- 1 ^*^ = 
p 

Thus, we recover Weil reciprocity 

n(- i ) aia2 7^( p ) = l 

p J2 



2 Iterated integrals on membranes 
2.1 Two foliations 

The goal of this section is to construct two foliations on a complex projective 
algebraic surface X in P fc . Let /i, f 2 , f% and / 4 be four non-zero rational functions 
on the surface X. Let 

4 

cuc 1 u...uc n = Ul^(/<)l- 
i=i 

Let 

{p 1 ,...,p N } = cn(c 1 u---uc n ). 

We can assume that the curves C,Ci,...,C n are smooth and that the intersections 
are transversal (normal crossings), by allowing blow-ups on the surface X. 
The two foliations have to satisfy the following 



Conditions: 

1. There exists a foliation such that 

(a) F! u — {f — v) are the level sets of a rational function 

/:X->P\ 

for small values of v, (that is, for \v\ < e for a chosen e); 

(b) is smooth for all but finitely many values of v; 

(c) F' v has only nodal singularities; 

(d) /|c = 0; 
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(e) Ri Cj, for i = 1, . . . , M and j — 1, . . . , n, where 

{R 1 ,...,R M } = Cn(D 1 U---UD m ) 

and 

= (/)o = C U D x U • ■ • U D m . 

2. There exists a foliation G w such that 

(a) G w — (g — w) are the level sets of a rational function 

g-.X^F 1 ; 

(b) G w is smooth for all but finitely many values of w; 

(c) G w has only nodal singularities; 

(d) g\c is non constant. 

3. Coherence between the two foliations F' and G: 

(a) All but finitely many leaves of the foliation G are transversal to the 
curve C. 

(b) G g (p.) intersects the curve C transversally, for i — 1, . . . , N. (For defi- 
nition of the points Pi see the beginning of this Subsection.) 

(c) GgfR.) intersects the curve C transversally, for i — 1, . . . , M. (For defi- 
nition of the points Ri see condition 1(e).) 

The existence of / £ C(X) X satisfying properties l(a-d) is immediate from 
the following result, which follows immediately from (a special case of) a result of 
Thomas ([Th], Theorem 4.2). 

Theorem 2.1. Consider a smooth curve C in a smooth projective surface X, 
with hyperplane section Hx- There exists a large constant N £ N and a pencil 
in \NH X \, given as the level sets (/ — x) of some rational function f such that 
(/ — x)o is smooth for all but finitely many values of x, at which it has only nodal 
singularities, and C C (/)o- 

Moreover, a general choice of g £ C(X) X (of any degree) will satisfy 2(a-d) and 
3(a-c). (For instance, the quotient of two generic linear forms on F k restricted to 
C will not have branch points in {Pi} U {Rj}-) 

It remains to examine property 1(e). The proof of Theorem 4.2 in [op. cit.] 
contains the basic 

Observation: The base locus of the linear system H°(Iz(N)) is Z for N » 0. 
5*o by Bertini 's theorem the general element of the linear system is smooth away 
from Z . 
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Consider C C X. By the Observation, there exists J 7 G H (X,O(N)) such 
that ordc(^ r ) = 1 and (J 7 ) = C + D, where D is a second smooth curve on X, 
meeting C transversally (if at all). 

Claim: We may choose J 7 so that condition 1(e) holds, that is, Ri £ Cj for each 
i,j, where {Ri, . . . , Rm} = C fl D. Equivalently, C fl D PI Cj = 0. 

Proof. Define H°(I c (N)) reg to be the subset of H°(X,I C (N)) whose elements J 7 
satisfy order (.F) = 1 and (J 7 ) = C + D as above. Assume that for every iV >> 
and 7 E H°{I c {N)) re 9 we have D n C H (7,- ^ for some particular j. If we 
obtain a contradiction (for some N) then the claim is proved, since this is a closed 
condition for each j. 

According to our assumption, (J 7 ) always has an ordinary double point at the 
intersection A := C fl Cj ^ 0. In the exact sequence 

-> H°(X,I 2 C (N)) -> H°{X,I C {N)) H°{C,W /X (N)) -> H^I^N)), 

the last term vanishes by ([GHJ, Vanishing Theorem B) for iV sufficiently large. 
Hence, every section over C of the twisted conormal sheaf J\f^ x (N) has a zero 
along A = Cn CV 

Next consider the exact sequence 

-> H°{C,I A ®M£ /X (N)) -+ H°(C,M£ /X (N)) -+ Cl A l -> ^(C, J A ®W /X (N)). 

The last term vanishes again by [loc. cit.]. Denote the third arrow by et>A- Then 
we can take a section of M^j x {N) not vanishing on A simply by taking an element 
in the preimage of ev a(1, •••,!)• This produces the desired contradiction. □ 

Let 

Co = C — {Ri, . . . , Rm}- 

Consider a metric on the surface X, which respects the complex structure. For 
example one can take the inherited metric from the Fubini-Study metric on P fc 
via the embedding X — > P fc . Let U[, . . . , U M be disks of radii e on C, centered 
respectively at R%, . . . , Rm- Let F v be the connected component of 

M 
i=l 

containing Co, for \v\ « e. 

Lemma 2.2. With the above notation, for small values of\v\, we have that F v has 
the homotopy type of C . 

Proof. From Property 3(c), it follows that C and Di meet at Rj (if all all) at a 
non-zero angle. At the intersection R iy locally we can approximate the curves by 
xy = 0. The deformation leads to v — xy = 0, which is a leaf of F', locally near Ri. 



9 



Consider a disk U of radius e at (x,y) = (0,0) in the xy-p\ane. Then for \v\ « e 
we have that U separates F' v into 2 components, one close to the x-axis and the 
other close to the y-axis. We do the same for each of the points R 1: . . . , R M and 
we take the minimum of bounds of the variable v. Then F v will consist of points 
close to the curve Cq. □ 



2.2 Iterated integrals on a membrane. Definitions and 
properties 

Let r be a simple loop around C in X — D, based at R. Let a be a loop on the 
curve C° = C — (D\ U ■ • • U D m ) fl C . We define a membrane m a associated to a 
loop a in C° by 

m a : [0, l] 2 -)■ X, 
m CT (s,t) G F /(T( t)) n G g{a(s)) 
m CT (0,0) = R. 
Note that for fixed values of s and t, we have that 

F f{r{t)) n g 9((t(s)) 

consists of finitely many points, where F and G are foliations satisfying the Con- 
ditions in Subsection 2.1 and Lemma 2.2. 

Consider the dependence of log(/j(m(s, t)) on the variables s and t via the 
parametrization of the membrane m. We have 

diogtfMM)) = g M/^t))) rfs + mog( /t M s ,t))) rfi 

In order to use a more compact notation, we will use 
and similarly 

iog(/,)„(M)= "° g y ))) . 

Definition 2.3. (Iterated integrals on membranes) Let fi,...,fk+i be rational 
functions on X, where the integers (k,l) will be suppers cripts. Let m be a mem- 
brane as above. We define: 

(a) I^)(m;f 1 J 2 ) = 




l 

log(/i), s (s, t)ds A log(/i),* (s, t)dt; 
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(b)I < V ) (m;fi,f2,h) = 



III 

J J Jo< 



log(/i), sl (si, i)ds 1 A log(/ 2 ), t (s 1: t)dt A 

'0<si<s 2 <l;0<t<l 

Alog(/ 3 ), aa {s 2 ,t)ds 2 ; 

(c)I<M(m ] f 1 ,f 2 ,h) = 




log(/i), a (s, h)ds A log(/ 2 ), tl (s, ti)tZti A 

'0<s<l;0<ti<t 2 <l 

Alog(/ 3 ), t2 {s,t 2 )dt 2 ; 

r<i;/ (2 ' 2) (m;/ 1 ,/ 2 ,/3,/4) = 



log(/i), ai (si, *i)dsi A log(/ 2 ), tl (si, A 

'0<S1<S2<1;0<*1<*2<1 

Alog(/ 3 ), aa (s2,t2)rfs2;log(/ 4 ),t 2 (s 2 ,t 2 )dt 2 . 

Define any smooth metric on X. Let r be a simple loop around the curve C of 
distance at most e from C. We are going to take the limit as e — > 0. Informally, 
the radius of the loop r goes to zero. Then we have the following lemma. 

Lemma 2.4. (a) 



(b) 

(c) 
(d) 



\imI^\m (T ,f 1 ,f 2 ) = (2m)Resf [ ^ 
hml { > ) {m a J 1 J 2 J 3 ) = — — Res— Res— / — 
lim/^'K, /i, / 2 , / s ) = (2«i)Resf ffof 

J2 Ja Jl J3 

v r (2,2)/ f f f f \ ( 27r 2 D $2 d/4 /" dfx df 3 
hml ( > >(m a , /i, / 2 , / 3 , / 4 ) = — — Res— Res— / — o — 



Proof. First consider the integrals in parts (a) and (c), where we have integration 
with respect to t in the definition of the membrane m. Then we have no iteration 
along the loop m(s, •) around the curve C, for fixed value of s and varying the 
second argument. That gives us a residue, which is independent of the base point 
m(s, 0). In the limit, when e — > 0, we have that m(s, 0) approaches a(s) uniformly. 
That proves parts (a) and (c). 

For parts (b) and (d), we have a double iteration along loops m(s, •) around 
the curve C, where the value of s is fixed and the second argument varies. After 
taking the limit, the integral along m(s, •), with respect to t\ and t 2 , becomes a 
product of two residues, which are independent of a base point. Again, we have 
that m(s, 0) approaches a(s) uniformly. That proves parts (b) and (d). □ 
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3 Symbols and reciprocity laws 



3.1 First type of reciprocity laws 
3.1.1 Bi-local symbols and relations 

Consider the fundamental group of 

c° = c-(\jD j )nc-(\Jc i )nc. 

3 i 

Recall the notation for the intersection points 

{p 1 ,...,p JV } = cn(c 1 u---uc n ) 

and 

{R 1 ,...,R M } = Cn(D 1 U---UD m ). 

Let 

7Ti(C°, R) =< ai,...,a n , an, . . . , a g , (3 g > / ~ 

where 

5-1, 

for 

n g 
i=l j=l 

We are going to drop the index i. Thus, we are going to write P instead of Pi or 
Rj and a instead of <7j. Consider the definition of a membrane m a in the beginning 
of Subsection 2.2 Let m CT (s, •) be the loop obtained by fixing the variable s and 
letting the second argument vary. Similarly, m a (-,t) denotes the loop obtained by 
fixing the variable t and letting the first argument vary. We define 

1 f df k If df k 

a k = 7T- — and 6 fc = — / — 

2m Jm„(;t) Jk 2tu y mo . (S) .) h 

One should think of m a (-,t) and m a (s, •) as translates of a and of r, respectively. 
Then the above integrals are residues, which detect the order of vanishing. For 
example b k is the order of vanishing of fk along a generic point of C. Then we 
have the following theorem, whose proof is immediate from Lemma 12.41 and 11.51 

Theorem 3.1. (a) 

(2my 2 \imI^ 1 \m a J 1 J 2 ) = a 1 b 2 , 

(b) 

(27rz) 2 lim/ (2 ' 1) (m <T ,/i,/ 2 ,/3) = ma^h, 



12 



(c) 

exp((2«)- 2 lim/( 1 ' 2 )(m (T ,/ 1 ,/ 2) /3)) = ({/a, /a}?)" 1 , 

exp f-^ lim/( 2 ' 2 )(m CT , f u f 2 , f 3 , f,)j = ({fx, ■ 

Let us denote by a the loop acj and by (3 the loop {3j. Then we have the 
following lemma 

Lemma 3.2. (a) 

(27rz)- 2 lim/( 1 ' 1 )(m [a , /3] / 1 ,/ 2 ) = 0, 



(27ri)- 2 lim/( 1 ' 2 )(m M] ,A,/ 2 ,/ 3 ) = 
exp ((2m)- 2 limJ (1 ' 2) (m [a ,^],/i, / 2 , /a) 



e->0 



exp ^ 2 ^3 J™ /(2 ' 2) ( m [a,/3], /i, /a, /a, = 1- 



Proof. It follows from Lemmas 12 .41 and II. 71 A more modern proof follows from the 
well-definedness of the integral Beilinson regulator on K 2 on the level of homology 
(see |Kej .) 

Definition 3.3. (Bi-local symbols on a surface) For a simple loop a around a point 
P in Co, based at Q, let 

Log^\h, f i+j ]% P = lim P' 3 {m a , f u . . . , f i+j ), 
1,2 [/i, h, fs\2,p = ((2«)~ 2 VmlM{m , fx, f 2 , fs)) , 
2 'U, / 2 , h] Q c p = exp ((2«)- 2 lim/P^K, / 1; / 2 , / 3 ) 



2.2 



/a, /a, /Jap = ex P ( tt^I lim/ (2,2) (m ff , /i, / 2 , /a, U)) ■ 



We have the following reciprocity laws for bi-local symbols 
Theorem 3.4. (a) E P Log 1 > 1 [f 1 J 2 }% P = 0. 

(b) Up h2 [hJ2,Ml P = i. 

(c) Up 2,1 [fi,f2, h]% P = i. 

wrip 2 ' 2 [/i,/2,/3,/4]g,p = i. 

Proof. Part (b), (c) and (d) follow directly from Theorem 13.11 and from Weil reci- 
procity. Part (a) follows again from Theorem 13.11 and the theorem that the sum 
of the residues of a differential form on a curve is zero. □ 
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3.1.2 First type of reciprocity law for local symbols 

Consider the product 



Pr 



c,p 



1,2 r 



X 



J [/i, f2, fz\c,p) y ' [/2j /3) fi\c,p) y ' [hihih\c,p 

X ( 2 ' 1 [/l,/2,/s]g,p) ( 2 ' 1 [/2,/3,/l]g,p) ( a ' 1 [/3,/l,/2]g,p) 

consider the foliations and G w . At the point P = P h define 

9k = fkV~ ak w„ hk . 
From Theorem 3.1, we have the following formula 

. gi (P) D ig 2 (P) D *g 3 (P) D * 



pr Q P = (-r 



K ' 



9i(Q) D ^2(Q) D ^s(Q) D ^ 



where 



and 



D 1 



a 2 i>2 

a 3 h 



G 3 &3 



a 2 b 2 



K = aia 2 &3 + 0-2^1 + a 3 a x b 2 + hb 2 a 3 + b 2 b 3 ai + b 3 bia 2 . 
Note that the Parshin symbol is 

{/i,/ 2 ,/3}c,p = (-l) K 9i(P) Dl 92(P) D2 9s(P) Ds . 
Theorem 3.5. For the Parshin symbol, we have 

P 

where the product is taken over points P on a fixed curve C . 

Proof. We are going to use reciprocity laws for bi=local symbols stated in Theorem 
3.4 parts (b) and (c). Then we obtain a reciprocity law for the bi-local symbol 
Pr®. We have the following relation between the Parshin symbol and Pr® 



{fi, / 2 , h}c,p = Pr% pgi {Q) Ul 92{QT 2 g,{Q) 

Now, we want to remove the dependence on the base point Q. In order to do that 
note that 

n^(Q) Di =^i(Q) E - Di . 



\D 3 



Moreover, 
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by Theorem 3.1 part (a). Using Theorem 3.4 part (a), for the above equality, we 
obtain 

5> = o. 

p 

Therefore, 

p 

Similarly, 

n^ 2 (Q) D2 = land Hg 3 (Q) D:i = l. 
p p 

Consider the bi-local symbol 

Pn%, P = ( 2 ' 2 [/i,/ 2 ,/ 3 ,/4]?) ( 2 ' 2 [/iJ 2 ,/4,/ 3 ]?) _1 x 

x( 2 ' 2 [/ 2) /l,/3,/4]^) _1 ( 2 ' 2 [/ 2 ,/l,/4,/ 3 ]^). 

Explicitly, it is given by 

f gi (p)^ y^- b: ^ ( ( 9l {Q)^ \ a3bi ~ bza4 \ -1 



pic 



Q 



(-1) 



g3(P)''4 
S4 (P) 6 3 



93(Q) b * 



0162—6102 



J 



where 



L = (aib 2 - a 2 &i)(a 3 6 4 - 



Definition 3.6. (4-function local symbol) With the above notation we define a 
4-function symbol 



h, h, fi}c,p = (-1) J 



gi(P) b2 



0364—6304 



( g 3 (P) b A aib2 - bia2 
\94P) bs J 



It is an easy exercise to check that the symbol {/1, f 2 , / 3 , fi}c,p is independent 
of choices of local uniformizers. See also the Appendix for K-theoremtical approach 
for the 4-function local symbol. 

Theorem 3.7. We have the following reciprocity law for the symbol of four func- 
tions on a surface 

"Q{/l> hi /3> /Jcp = i, 
p 

where the product is taken over points P on a fixed curve C . 
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Proof. Using Theorem 3.4 part (c), we obtain that the bi-local symbol PRq P 
satisfies a reciprocity law. In order to complete the proof of this theorem, we 
proceed similarly to the proof of the first Kato-Parshin reciprocity law. Namely, 

Y[ 9l (Q) b ^ aib4 - aib3) = gi (Q) b2 ^ p "364-0463 = 0(Q)k-° = 1. 
p 

The last equality holds, because 

a 3 b 4 - a 4 b 3 = (2m)- 2 (W' 1 ^, U]% p - Log^[U, / 3 ]g >p ) = 

and 

J2(^ 2 (W'M/a, U\ Q c,p - Log^[U / 3 ]g, P ) = 0, 
p 

by Theorem 3.1 (a) and Theorem 3.4 (a), respectively. □ 
3.2 Invar iance under blow-up 

We are going to compare the symbols on X and on a blow-up of X. There are 
two reasons for doing that. First, it will justify the general position of the divisors 
of the rational functions, which can be achieved by blow-ups. Second, it provides 
a way of establishing the second reciprocity law for the bi-local and for the local 
symbols. 

Assume that the divisors of the rational functions fi, . . . , / 4 intersect transver- 
sally. One can achieve that by successive blow-ups of the surface X. Denote by 
(fi)o the zero divisor of fi and similarly, by (/j)oo the infinity divisor of /j.One can 
achieve that by successive blow-ups of the surface X. Again we can assume that 

divo(fi) H divooifi) = 0, 

for i — 1,2, 3, 4, by successive blow-ups of the surface X. 

Let C and D be intersecting curves among the divisors of fi and f 2 - Fix 
P G C fl D. Assume that no other divisors of fi or of f 2 passes through the point 
P. Consider a blow up at P with an exceptional divisor E. Let 

ai = ordc(fi), h = ord D (f l ), 

a 2 = ord c {h), b 2 = ord D (f 2 ). 

We have the following lemma. 

Lemma 3.8. Suppose that after the blow up the proper transforms of C and D of 
C and D, do not intersect. Then 

ai + 61 = ord E (fi), 



a 2 + b 2 = ord E (f 2 ). 
16 



Since the zero and the infinity divisors do not intersect, we have that a± and 
bi have the same sign. Similarly, a 2 and b 2 have the same sign. 

Corollary 3.9. We have 



and 



{fi, hi h}c,p — {hi hi h}c,p 
{hi hi hi h}c,p = {hi hi hi h}c,p 



where C is the proper transform of the curve C under a blow up of the surface X 
at the point P. 

Proof. The required invariance under change of variables follows from the explicit 
formulas for each of the local symbols together with the equality of determinants 



dl 






ai bi 


a 2 


b 2 




di + a 2 b± + b 2 



□ 

3.3 Second type of reciprocity laws 
3.3.1 Definition of bi-local symbols 

The definitions of bi-local symbols in this section are designed for a proof of the 
second reciprocity law for local symbols. Let C±, . . . , C n be curves in X intersecting 
at a point P. Assume that C±, . . . ,C n are among the divisors of the rational 
functions hi ■ ■ ■ i h- Perform blow-ups at the point P, so that the curves Ci, . . . , C n 
meet transversally and no three of them intersect at one point. Let E 1 , . . . , E m be 
the components of the exceptional divisor. Let D ± , . . . , D m be curves on X such 
that Di intersects Ei in one point. Setting 



and 

we define 



Pki — Eif] Ck 

Qi = E t n Di, 

'''[fli ■ ■ ■ i fi+j]c k ,Ei := J ' [/l)---) fi+j\E u P k , 



3.3.2 Bi-local reciprocity laws 

Let us fix the curves Di and Ei as in Subsubsection 3.3.1. 
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Theorem 3.10. We have 

n i,2 [/^,/ 3 ]g Bi =i 

c 

and 

n 2,2 t/i' /s> / 4 ]c,e ; = i) 

c 

where the product is over the curves C , among the divisors of at least one of the 
rational functions fi, ■ ■ ■ , f±, which pass through the point P. 

Definition 3.11. (Definition of local symbols) 

PutPr D c \ Ei = 1,2 [/i, f 2 , Mg^'U, /s, /i]g £( 1,2 [/3, /i, / 2 ]g^ x 

X 2,1 [/l, /2, /alc.B, 2 ' 1 ^, /3, /l]c,B ( 2,1 [/3, /l, /2]c' Bi , 

T/ie Par shin symbol 

{fi, f2, fz}c,E t 

be the Parshin symbol can be obtained from Pr® l Ei by removing the dependence of 
D x , (equivalently removing the dependence on the base point Qi). It can be achieved 
as in the prove of Theorem 3.5. Put 

PR c',Ei = ( 2 ' 2 [A> h, fz, f4c l ,E^) ( 2 ' 2 [A> f'2, U, h\c l ,E^j x 

x (^' 2 If 2 ,fl,f3, fi] C l ,Ei ) ( 2 ' 2 if 2 ) fl ) fi ) f%\ c l ,E t ) • 

We define a ^-function local symbol 

\f\i f2, f3, fifC,Ei 

from PR® l Ei by removing the dependence of Di (equivalently, removing the de- 
pendence on the base point Q t ). It can be achieved as in the prove of Theorem 
3.7. 

3.3.3 Parshin symbol. Second reciprocity law. 
Theorem 3.12. We have 

c 

where the product is over the curves C , among the divisors of at least one of the 
rational functions f\, . . . , f\, which pass through the point P. 
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3.3.4 4-functions on a surface. Second reciprocity law. 
Theorem 3.13. We have 



J|{/l! /2, /s, fi}c,E, 



C 

where the product is over the curves C , among the divisors of at least one of the 
rational functions fi, ■ ■ ■ , f^, which pass through the point P. 

3.4 Symbols. Connections on loop spaces. Riemann cur- 
vature tensor. 

Consider Definition 12.31 Then 

I 1 > 2 (m;f 1 J 2 J 3 )-I^(m;f 2 J 1 J 3 ) = 
= /H< Sl < S2 <i ; o< t <i-* (f A f) (*:,*) Am* (f ) (s 2 ,t). V- 1 * 

Similarly, 

P>\m-h,h,h)-I 2 '\m-f 2 ,h,h) = 
= 11 L< s <i;0< tl <t 2 <i ™* (f A f ) {a, h) A m* (§) (s, t 2 ). 

Recall that a parallel transport of a 1-form u with respect to a connection 
V = d — 9 along a path 7 is given by 

The above two integrals are the type of iterated integrals on membranes used in 
[H4j for defining a connection on higher loop spaces and de Rham structure of 
higher loop spaces. Intuitively, the form u = df 3 /f 3 (as a form on the total free 
loop space) is transported via the 1-form 

Jt h h 

where r is a loop around the curve C. (More precisely, r(t) = m(s,t) for a fixed 
value of s. After the integral with respect to r, we can integrate along a with 
respect to the variable s.) Then the parallel transport along a with respect to the 
connection V = d — 9 is 

uo 1— > I / u I 9 + higher order iteration, 



which is essentially the right hand side of Equation (13. II) . where the integration 
occurs only with respect to s\ and t, but not s 2 . That leads to the 1-form (j cr u)9. 
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Similarly, we can parallel transport 

Jt 73 /4 

with respect to the connection V = d — 9 for 

i T /i J2 
along a loop a, That gives essentially J := 

7 2 < 2 (m; / 1; / 2 , / 8) / 4 ) - I 2 > 2 (m; f\, f 2 , / 4 , / 3 ) + 
/ 2 ' 2 K / 2) /i, / 3 , / 4 ) - I 2 ' 2 (m; / a , A, / 4) / 3 ) = 

-*ff Af) (^Am* ff Af) ( S2) t 2 ). 

0<si<s 2 <l;0<ti<i 2 <l V h J2 / \ 73 74 / 

Then limit of the exponent of the last equations gives the preliminary version of the 
4-function symbol, before the dependence on the base point is removed. Explicitly, 

PR% P = limexp(2(27ri)" 3 J) 

There is one more interesting relation for the 4-function symbol. 
Theorem 3.14. Let 

Rijki = {fi, fj, fk, fi}c,p- 

Then Rijki has the same symmetry as the symmetry of a Riemann curvature tensor 
with respect to permutations of the indices. 

Proof. It is a direct consequence of the explicit formula of the symbol. □ 

This relation between the 4-function symbol and the Riemann curvature tensor 
continues. In |H5j . we construct an analogue of the Riemann curvature tensor in 
4 dimensions, as a curvature of a connection on a loop space. The idea of relating 
connections on loop spaces to reciprocity laws was introduced in |BrMcL] . using 
categorical structures such as gerbes. Here we have given an analytic alterna- 
tive, which allows generalizations. The topic of connections on loop spaces and 
connection on higher loop spaces is developed in [H4J. 

To conclude this section, I would like to make a relation between general rela- 
tivity, bi-local symbols (in this paper, Definitions 1.6 and 3.3) and path dependent 
symbols (see |Hlj . Theorems 2.9 and 3.3.) Usually, in quantum field theory one 
considers events to be local (depending on a space-time coordinate). When that 
idea is applied to special relativity an object is deformed linearly with respect to 
an observer, when moving with a constant relative speed. Constant speed can be 
considered as the difference between two vectors in space-time. One can think of 
the two vectors as the points P and Q for the bi-local symbol. Other relations 
between symbols in algebraic geometry and mathematical physics can be found in 
[T] . where a key idea is that reciprocity laws in algebraic geometry correspond to 
conservation laws in physics. 
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Appendix A. By Matt Kerr 

There is a well-known .fT-theoretic approach to the Parshin symbol, which we 
shall recall below. The purpose of this appendix is to bolster the case for the 
above definition of the 4-function symbol by showing that a related i^-theoretic 
construction (to our surprise) does not quite reproduce its intriguing symmetry 
properties. 

To begin, note that if only two components C and C of |J i meet at a 
point P G X, then the Parshin symbol has the local symmetry property 

{fli h, h}c,P = ({fli fli f^CpY 1 

as does the 4-function symbol. This is just a special case of the second reciprocity 
law. 

Now it is well known that the Parshin symbol may be computed by the com- 
position 

V c ,p 

^3 M (C(X))==^^)j^C x . 

Since Vc,p is invariant under blow-up and satisfies the local symmetry property, 
this reduces checking the two reciprocity laws to Weil reciprocity. 

One is tempted to believe that the 4-function symbol {/i, f 2 , f 3 , f\}c,p (Defi- 
nition 3.6) can be identified with the image of {fi,h} ® {f 3 i fi\ under the com- 
position 

Qc,p 

and to argue in the same manner. Indeed, the first reciprocity law for Qc,p again 
follows from Weil reciprocity, and it is also invariant under blowup. 

However, a short computation shows that Qc,p and Definition 3.6 differ by the 
factor 

^ -^01626364+61026364+61 620364+61 626304 

Indeed, we have 

Tame P {Tame c {fi, / 2 }, Tame c {h, h}} = 
Tame P {Tamec{x ai y bl g 1 ,x a2 y b2 g 2 }, Tame c {x a3 y ba g 3 , x a4 y b4 g A }} = 



Tame D 1 (-l) blb2 r aib2 " a2bl ^^^- (-1) 



^6364^.0364— o,aI 



4|CJ 



_]^(oi&2 — 0261) (0364— an 



63) 



, , //„ I \6o\ "I («3&4-l463) 
'1 \6i& 2 I \9i\p) 2 \ I 

' \(.92\r) bl J) 

(ai6 2 -a 2 6i) 



I 1 \ai6263&4+6i 026364+61 620364+61 626304 r p r e r \ 

1--U \Ji, hi hi hsc,p- 
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A simple example will suffice to demonstrate that this small distinction causes 
the symmetry property (and hence the second reciprocity law) to fail. Let X = 
P 1 x P 1 , and consider the functions f\ = xy and f2 = f% = fi = 0- — %)y- Then the 
second reciprocity law for the 4-function symbol holds at the point (x, y) = (0, 0) 
of intersection of the divisors C := {x = 0} and C := {y = 0}. However, we have 

Qcp = 1^-1 = = {QcpY 1 . 

This appears to give persuasive evidence for the naturality of the author's 
approach to the definition of the 4-function symbol above via iterated integrals. 

Acknowledgments: M. Kerr thanks I. Horozov for discussions and the NSF for 
support under grant DMS- 1068974. 
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